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a b s t r a c t

In this paper, the authors analyse the stability of particular numerical schemes used in oceanic general
circulation models to deal with the barotropic momentum advection term. It is shown that, when this
term is integrated using time splitting, its stability properties can be drastically reduced in configurations
where there exists shallow areas, where velocities become comparable to the propagation speed of exter-
nal gravity waves. A simple alternative scheme with improved stability is proposed and discussed.

� 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Many primitive equation models use time splitting techniques
to deal with the fast propagation of external gravity waves: there
exists a set of baroclinic equations and a set of barotropic equa-
tions, respectively dealing with the so-called slow terms (often
called baroclinic mode) and fast terms (barotropic mode), the latter
using a time step that is much smaller than the former. Most mod-
els integrate all purely barotropic terms inside the barotropic
equations. In practice, only the pressure gradient and barotropic
mass flux terms are associated with the external gravity waves
and all other terms could be treated during the slow evolutions
step with the larger baroclinic time step, which reduces the com-
putational cost.

This is what is done in the Miami Isopycnic Coordinate Ocean
Model (MICOM) or the HYbrid Coordinate Ocean Model (HYCOM)1

for which the barotropic velocity diffusion terms and barotropic
advection terms are calculated during the baroclinic step and used
as a constant forcing term during the barotropic integration (see
Bleck and Boudra, 1986; Bleck and Smith, 1990; Bleck et al., 1992;
Bleck, 2002).

While testing HYCOM (see Bleck, 2002) in high resolution con-
figurations with strong tides and shallow areas, we have, however,
been faced with unexpected numerical instabilities related to this
numerical choice. Indeed, removing the momentum advection
term or removing the barotropic component suppressed the insta-

bilities. Reducing the barotropic time step did not suppress the
problem, and sometimes even made it worse. Stability could only
be recovered with very small baroclinic time steps. All these tests
identified the barotropic momentum advection term as the source
of the observed numerical instabilities which, we will show, can be
expected with the MICOM or HYCOM original schemes when the
velocity is non-negligible in comparison with the external gravity
wave propagation speed, that is to say in shallow areas. For the
time splitting method mentioned above, the treatment of the en-
tire barotropic component involves both sets of baroclinic and
barotropic equations and their coupling, which make the stability
analysis of the barotropic component less straightforward than
other models. As a matter of fact, previous publications on MICOM
and HYCOM models (see Bleck and Boudra, 1986; Bleck and Smith,
1990; Bleck et al., 1992; Bleck, 2002) did not address the latter to-
pic. Many papers deal with the problem of the time splitting and
instability associated with aliasing of the fast into the slow modes
which can lead to numerical instability when there remain ‘‘traces”
of the fast external gravity waves in the baroclinic equations (see
Higdon and Bennet, 1996; Hallberg, 1997; Shchepetkin and
McWilliams, 2005), but to our knowledge no one has ever studied
in detail the stability of the slow part of the barotropic component
when it is calculated during the baroclinic step and combined with
time splitting. This is the main topic of the present article. The pa-
per is organised as follows: the equations and their analytical solu-
tions are presented in the second section; the stability properties
of the original HYCOM or MICOM scheme is analysed in Section
3 and some alternative schemes are then proposed and tested
(fourth section). Our results are summed up and discussed in the
last section, in particular, even though our work focuses on the
MICOM and HYCOM models, we examine the cost effectiveness
of alternative schemes, which can be useful for other models too.
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2. Equations and analytical solutions

2.1. Equations

We consider the shallow water equations (see Cushman-Roisin,
1994; Pedlosky, 1987), in one dimension (we assume oy ¼ 0) and
without Coriolis terms. These equations are

oT U þ UoXU ¼ �goXZ þ FX ;

oT H þ oXðHUÞ ¼ 0; ð1Þ

where U represents the horizontal component of the velocity field, Z
is the sea surface elevation, H is the water column thickness, so that
Z ¼ H � H0 where H0 is the thickness at rest, and g the earth gravity.
FX is a dissipation term that will be neglected in the present study.

To analyse the linear stability of Eq. (1), we assume periodicity
of the solutions and linearise the previous equations around the
reference state ðU0;H0Þ where U0 and H0 are constant parameters
and represent a stationary current flowing over a flat bottom. We
also non-dimensionalise the equations using DX for the horizontal
length scale (which will be associated with the grid size when the
equations will be discretised), H0 for the vertical length scale (used
to non-dimensionalise Z), and DX=

ffiffiffiffiffiffiffiffiffi
gH0

p
for time. The linearised

equations for the non-dimensional perturbation ðu; fÞ ¼ ððU�
U0Þ=U0; Z=H0Þ are then (with dissipation terms neglected)

otu ¼ �u0oxu� oxf;

otf ¼ �u0oxf� oxu; ð2Þ

where t ¼ T
ffiffiffiffiffiffiffiffiffi
gH0

p
=DX is the non-dimensional time, x ¼ X=DX the

non-dimensional horizontal coordinate and u0 ¼ U0=
ffiffiffiffiffiffiffiffiffi
gH0

p
the

non-dimensional background velocity. Notice that u0 is a small
parameter except in very shallow coastal areas (H0 6 10 m or so).

2.2. Analytical solutions

Eqs. (2) can be solved using Fourier transforms. The free solu-
tions are

ðuk; fkÞ ¼ aþk ð1;1Þe
iðkx�CþtÞ þ a�k ð�1;1Þeiðkx�C�tÞ; ð3Þ

where

Cþ ¼ u0 þ 1;
C� ¼ u0 � 1 ð4Þ

are the two possible propagation speeds, k is the non-dimensional
wavenumber and ðaþk ; a�k Þ are parameters determining the solution
and can be calculated given the initial structure of the perturbation.

Notice that the propagation speed does not depend on the
wavenumber k, and the waves are thus non-dispersive, a well-
known result. The solution can thus easily be expressed in the
physical space as a function of the initial conditions. We have,
however, kept the wavenumber formulation as the tests we have
made are based on monochromatic waves instead of isolated per-
turbations or other shapes.

2.3. Approximate equations solved in MICOM or HYCOM

In the MICOM (see Bleck and Boudra, 1986; Bleck and Smith,
1990; Bleck et al., 1992) or HYCOM (see Bleck, 2002) models, the
continuity equation is simplified and H is replaced by H0 in the
barotropic continuity equation (and u0oxf is neglected) so that
the equations solved instead of (2) are

otu ¼ �u0oxu� oxf;

otf ¼ �oxu; ð5Þ

whose analytical solutions are

ðuk; fkÞ ¼ aþk ðC
þ;1Þeiðkx�CþtÞ þ a�k ðC

�;1Þeiðkx�C�tÞ ð6Þ

with

Cþ ¼ 1
2

u0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

0

4

r
;

C� ¼ 1
2

u0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

0

4

r
; ð7Þ

which are different from the true solutions (3) and (4) when u0 is
not negligible. This is the case in shallow coastal areas (H0 6 10 m
or so). Notice, however, that there is no additional dispersion asso-
ciated with the simplification (5): the waves are still non-disper-
sive, only their actual propagation speed changes. Finally, note
that the results discussed below are not changed if Eq. (2) are used
instead of (5).

3. Numerical solutions

Numerical solutions of (2) or (5) are calculated using space and
time discretisation with respective non-dimensional elementary
steps Dx ¼ 1 and Dt ¼ DT

ffiffiffiffiffiffiffiffiffi
gH0

p
=DX. Any function of time and space

then takes the form UN
j ¼ UðjDx;NDtÞ. For explicit numerical

schemes, the time step Dt has to be chosen carefully to avoid linear
instability. The Courant–Friedrich–Levy (CFL) criterion constrains
the time step, which must generally be chosen so that the Courant
number CDT=DX, where C is the propagation speed of the fastest
waves, is below a constant a whose value depends on the numer-
ical scheme but is generally close to 1. Notice the non-dimensional
time step Dt is the Courant number associated with external grav-
ity wave propagation. Finally, we will consider second order cen-
tered spatial schemes, on a C grid (see Arakawa and Lamb, 1977).

3.1. Time splitting

Gravity waves are generally the fastest waves represented by
the equations, and a small time step must be used to calculate their
evolution. They are associated with the terms oxf and oxu in Eq. (2)
or (5). The advective terms u0ox are generally associated with a
much slower evolution, so that larger time steps can be used to cal-
culate them numerically. Despite this property, in many numerical
models these terms are solved together with the fast gravity
waves, probably because of the way the codes have been con-
structed: generally 3-D codes are constructed on the basis of baro-
tropic (2-D) codes which integrate all purely barotropic terms with
the same short time step (limited by the fast gravity waves for ex-
plicit schemes). As it seems natural to save computational time
when possible, some numerical models have however chosen to
calculate advective terms with larger time steps. To do so, these
terms are incorporated in the slow, or baroclinic, equations, for
which the time step is generally limited by the internal gravity
waves (or advective terms themselves) and is often an order of
magnitude above the barotropic time step. This is the case for
the MICOM and HYCOM models (see Bleck and Smith, 1990, Bleck,
2002).2

In practice in the HYCOM model, Eqs. (5) (or (2)) are solved in
the following manner (see Fig. 1):

2 As discussed above, in MICOM and HYCOM, the advective term is originally
neglected in the continuity equation. We have, however, reintegrated this term to
deal with very shallow areas but in order to preserve conservation and positivity of
the water depth, the flux form of the barotropic continuity equation has to be
maintained. The barotropic advective term of the continuity equation then has to be
calculated with the divergence term during the barotropic step, thus using the
barotropic time step.
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First the slow evolution of the velocity field is calculated with a
large time step Dtc:

otu ¼ �u0oxu ¼ u�: ð8Þ

The velocity field is advanced from time ðN � 1ÞDtc to time
ðN þ 1ÞDtc using a leapfrog scheme, thus

u� ¼ �u0ðuN
jþ1 � uN

j�1Þ: ð9Þ

Then the fast gravity waves are calculated from time NDtc to
time ðN þ 1ÞDtc with a smaller time step Dtb. To do so, we need
to ensure that Dtc ¼ N0Dtb where N0 is an integer (and is even in
HYCOM, for purposes related to the Coriolis term, see Bleck and
Smith, 1990). During the integration of the fast waves, the momen-
tum advection term is considered constant and comes from the
slow evolution. We thus have for the fast mode:

otu ¼ �oxfþ u�;

otf ¼ �oxuð�u0oxfÞ: ð10Þ

At the end of the integration of the barotropic equations, the
velocity and free surface fields at time ðN þ 1ÞDtc take into account
all (slow and fast) evolution terms.

3.2. Numerical schemes for the fast mode

In this paper, we concentrate on the stability of the barotropic
momentum advection term, associated with u�. The implementa-
tion described above makes use of time splitting for this term,
and the numerical scheme associated with Eq. (10) is thus impor-
tant, as well as its proper stability properties. To avoid confusion,
we only recall the numerical scheme used for the fast mode below,
and the discussion of its properties is dismissed to Appendix A
(where new schemes with improved stability are also proposed).

To numerically solve Eq. (10), different temporal schemes can
be used. The Euler forward–backward scheme is mentioned as
the scheme used in MICOM or HYCOM (see Bleck and Smith,
1990), but in practice, it has been mixed with the leapfrog scheme:
MICOM or HYCOM indeed mix the time derivatives of both Euler
forward–backward and leapfrog schemes while the spatial terms
only use the Euler forward–backward form. A new coefficient is
introduced to do so, �w (called wbaro in the code). Finally, the
numerical scheme used in MICOM or HYCOM for Eq. (10) is

fnþ1
j ¼ ð1� �wÞfn

j þ �wfn�1
j � ð1þ �wÞ Dt

Dx
ðun

jþ1 � un
j Þ;

unþ1
j ¼ ð1� �wÞun

j þ �wun�1
j � ð1þ �wÞ Dt

Dx
ðfnþ1

j � fnþ1
j�1 Þ: ð11Þ

Notice that when �w ¼ 0, the pure Euler forward–backward
scheme is recovered, whereas when �w ¼ 1 we end up with a leap-
frog forward–backward scheme, which is unconditionally
unstable.

3.3. Stability of the slow term u�

In MICOM or HYCOM, Eq. (11) are integrated over one baroclinic
time step, from time NDtc (corresponding to n ¼ 0) to ðN þ 1ÞDtc

(corresponding to n ¼ N0, see Fig. 1). As a first step to analyse the
stability associated with the slow term u�, we can consider a pure
advection and neglect all fast terms from Eq. (10). As u� is constant
during the integration of Eq. (11), we end up with a Euler scheme
(integration from NDtc to ðN þ 1ÞDtc) for the average time stepping
scheme for u�. Advection calculated with a Euler time stepping and
a centered spatial scheme (Eq. (9)) is unconditionally unstable, and
numerical instabilities can thus be expected with the MICOM/HY-
COM original scheme at least when advection is non-negligible in
comparison with the gravity wave terms, that is to say in shallow
areas. For depth typical of oceanic basins (H0 ’ 1000 m or so), the
gravity wave terms dominate which may play a stabilising role for
the unstable advective terms, but this is not obvious and an anal-
ysis of the stability properties of the slow barotropic component
is necessary.

3.4. Analysis method for the stability of the slow barotropic component

Because of the time splitting technique, it is not easy to evaluate
the stability of the slow component, as the effect of the integration
of the fast waves over a baroclinic time step has to be taken into
account. The technique we propose first relies on an analysis for
each spatial mode associated with a given wavenumber k. We thus
rewrite the discretised equations for solutions of the form

uN
j ¼ ûN

k eikjDx;

fN
j ¼ f̂N

k eikjDx: ð12Þ

As Eqs. (2) or (5) are linear, if we hypothesize that the velocity
and free surface fields at time ðN þ 1ÞDtc only depend on the same
fields at time NDtc and ðN � 1ÞDtc (see Appendix B for a justifica-
tion and discussion of this hypothesis), then after full integration,
because of the linearity of the barotropic equations, the fields at
the new time step are necessarily of the form:

ðûNþ1
k ; f̂Nþ1

k Þ ¼ AkðûN
k ; f̂

N
k Þ þ BkðûN�1

k ; f̂N�1
k Þ; ð13Þ

where Ak and Bk are 2� 2 matrices which can be calculated numer-
ically using the equations for the solutions of the form (12) (see
Appendix B). The linear stability of the scheme can then be evalu-
ated using the recurrence relation (13) and looking for solutions
ðûN

k ; f̂
N
k Þ ¼ kNðûk; f̂kÞ (see Appendix B).

The plain line in Fig. 2 represents the results for the stability of
the original MICOM or HYCOM scheme as a function of Dtc ¼ N0Dtb

and u0, for �w ¼ 0:125 and Dtb ¼ 0:5. For comparison, the dotted
curve represents the ideal CFL stability curve for a pure advective
model with a leapfrog time stepping scheme (associated with the
criterion u0Dtc 6 1). Notice that the real curve is always far below
the latter stability, and that for velocity u0 > 0:1 or so, it is always
unstable. However, this also shows that the presence of gravity
waves have indeed a stabilising effect (remember that the scheme
should be unconditionally unstable for pure advection).

Integration of barotropic part

Integration of barotropic part

start end

N+1

end

u*

N
Δtc

Δtb

N-1

start

Fig. 1. Schematic of the MICOM/HYCOM time integration. The baroclinic step uses a
leapfrog scheme and the u� term is calculated at time NDtc . The barotropic integ-
ration starts at time step NDtc , so that the slow term evolution, associated with u� , is
integrated, on average, with a Euler time stepping scheme during the barotropic
step.

Y. Morel et al. / Ocean Modelling 23 (2008) 73–81 75



Author's personal copy

3.5. Sensitivity study

Fig. 2 also represents the results for different choices of the fast
time step: Dtb ¼ 0:1 is the dashed line and Dtb ¼ 0:75 the dash–
dotted line. Notice that smaller fast time steps lead to less stability,
the best stability being achieved for the largest Dtb. This unex-
pected behaviour is a feature of the instability of the slow part of
the barotropic component which can be hidden because other
terms (barotropic gravity waves but also other baroclinic terms
in realistic configurations) are also important and can stabilise
the total scheme. u0 is indeed usually very small: typically less
than 0.01 when the minimum depth of the basin exceeds 100 m
or so, but reaches 0.1 or more when the minimum depth reaches
typically 10 m and with strong barotropic currents (1 m s�1). It is
interesting to notice that some users have experienced unex-
plained instabilities of the HYCOM code with some realistic config-
uration, and the way they found to stabilise the code was to
impose a limit for the minimum depth (Geir Evensen, personal
communication, 2002). This indeed ensures stability as it bounds
the non-dimensional velocity u0, which is consistent with the pres-
ent results (see below too).

As the numerical schemes associated with the slow evolution of
the barotropic velocity field are unstable, and seem only stabilised
by implicit numerical diffusion, we test the sensitivity of this insta-
bility to different parameters, in particular associated with some
diffusion.

This is the case of the parameters �w. Fig. 3 is the same as Fig. 2
but with different choices of the parameter �w (Dtb ¼ 0:5 is fixed):
�w ¼ 0:125 the classical HYCOM value (plain line), �w ¼ 0:05
(dashed line) and �w ¼ 0:25 (dash–dotted line). A test with �w ¼ 0
has shown that this choice, which would have allowed the highest
barotropic time step for the barotropic scheme (Dtb ¼ 1), leads to
unconditional instability as soon as u0 6¼ 0, which we believe ex-
plains the fact that, in practice, the pure Euler forward–backward
scheme for the fast mode is impossible and that it was necessary
to mix this scheme with leapfrog to ensure stability in realistic
configurations (see Appendix A). Also, for �w above a certain value,
the fast numerical schemes become unstable (see Appendix A),
which also transmits instability to the slow component. Notice
that, for the chosen fast time step (Dtb ¼ 0:5), the maximum
admissible value for �w is �w ’ 0:33 (see Fig. 8 in Appendix A).

To conclude this analysis of the original MICOM/HYCOM stabil-
ity, we have repeated the same experiment as in Fig. 3 but with dif-
ferent choices of the fast time step Dtb. We have found that the
optimal value of �w for stability is highly variable, from �w ¼ 0:125
for Dtb ¼ 0:75 to �w ¼ 0:75 for Dtb ¼ 0:1. So that the way the mixed
MICOM/HYCOM scheme can stabilise the apparent instability of
the slow part of the barotropic component is not obvious, and
we have not found a rule for the choice of the optimal �w that could
be applied to realistic cases with varying bottom topography (for
which the non-dimensional parameter Dtb would vary over a wide
interval). We may thus wonder if another choice for the treatment
of the advective term, in particular ensuring stability, would not
lead to easier choices or even better results. This is the subject of
the next section.

4. Modifications of the numerical schemes

4.1. Alternative schemes

The first obvious choice to ensure stability of the slow barotrop-
ic evolution in MICOM/HYCOM is to integrate the advective term
together with the fast terms. With such a choice, the barotropic
advection term must be withdrawn from the baroclinic equations
for each vertical level and recomputed after in the barotropic equa-
tion every barotropic time step. This solution is obviously more
expensive than the original MICOM/HYCOM scheme, but it leads
to a scheme that is stable over a baroclinic time step, regardless
of its duration, as long as the barotropic scheme is stable itself.
The scheme writes

u� ¼ 0;
otu ¼ �oxf� u0oxu;

otf ¼ �oxu� u0oxf: ð14Þ

The new terms can be calculated with a centered in time
scheme (calculated at time step n), but in that case, �w ¼ 0 leads
to unstable schemes when u0 6¼ 0. This probably explains the fact
that the pure Euler forward–backward scheme is not possible in
MICOM/HYCOM when advection is taken into account. However,
at least when u0 is not too strong there exist a threshold value
for �w over which the stability properties of the MICOM/HYCOM
schemes without advection is recovered. This method has been
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Dtc=No*dtb

U
0

Fig. 2. Stability of the slow part of the barotropic component for the MICOM/HY-
COM scheme, as a function of the slow time step Dtc and background velocity
u0ð �w ¼ 0:125Þ. Different barotropic time steps have been tested: Dtb ¼ 0:5 (plain),
Dtb ¼ 0:1 (dashed), Dtb ¼ 0:75 (dash–dotted). The dotted curve represents the CFL
criterion for a pure advection treated with a leapfrog scheme.

1 2 3 4 5 6 7
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Dtc=No*dtb
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Fig. 3. Stability of the slow part of the barotropic component for the MICOM/HY-
COM scheme, as a function of the slow time step Dtc and background velocity
u0 ðDtb ¼ 0:5Þ, for different choices of �w: �w ¼ 0:125 (plain), �w ¼ 0:05 (dashed),
�w ¼ 0:25 (dash–dotted).
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chosen by many other primitive equation codes (see for instance
Ezer et al., 2002, and references therein) but would obviously lead
to deep changes in the MICOM/HYCOM code.

Another alternative scheme is to keep the original MICOM/HY-
COM schemes, except we now start integration of the fast baro-
tropic equations at baroclinic time ðN � 1ÞDtc , instead of NDtc .
This ensures stability for a pure advection, provided Dtc < Dx=u0,
as it is now treated with the usual leapfrog scheme over the baro-
clinic time stepping (see Fig. 1). This is also easy to compute as it
only requires modification of about 10 lines of the MICOM or HY-
COM codes. However, this requires twice as many barotropic time
steps as before, and thus doubles the cost of the barotropic scheme.
This new scheme will be called LSBM: leapfrog for the slow part of
the barotropic component.

4.2. Stability of alternative schemes

Fig. 4 is a comparison between the LSBM scheme (dashed line)
and the original scheme (plain line) for �w ¼ 0:125; Dtb ¼ 0:75 and
different choices of Dtc ¼ N0Dtb. For comparison, the dotted curve
represents the CFL stability curve for a pure advective model with
a leapfrog time stepping scheme. Notice that even though the sta-
bility properties of the LSBM scheme are still below the pure
advective model characteristics (dotted curve) it is much better
than the original MICOM/HYCOM one. In particular for a given
advection u0, the maximum baroclinic time step permitted is much
larger (about twice the original value).

Fig. 5 is the same as Fig. 4; it represents a comparison between
the LSBM scheme (plain line) and the original scheme (dashed line)
for �w ¼ 0:75; Dtb ¼ 0:05. Other choices for �w lead to the same re-
sults, �w ¼ 0:75 has only been chosen as it corresponds to the opti-
mal choice for stability for the chosen time step for the original
scheme (and the new one too). Notice that such small non-dimen-
sional time steps are likely to be attained in shallow areas when a
regional model extends over region with shallow and deep waters.
Again, the results are the same as for Fig. 4: the LSBM is more sta-
ble than the original scheme but for small baroclinic time steps, it
is now possible to reach much higher u0, for larger baroclinic time
steps, the two schemes become closer, even though the new one
still has a better stability.

4.3. Application to realistic configurations

To deal with very shallow coastal waters, the advection term in
the continuity equation has to be reintegrated as it becomes non-
negligible and is thus important for the propagation of tidal gravity
waves in regions were the current is strong (this term is then also
important to properly calculate the mean currents over a tidal
cycle). The previous stability calculations have been repeated with
the full Eq. (2) instead of (5). The previous results and our conclu-
sions are still valid: a leapfrog scheme for the slow part of the baro-
tropic component leads to better stability properties.

In realistic configurations, where a basin or an oceanic region is
modelled using a realistic bottom topography, and realistic forcing
fields, the parameter u0 varies spatially, because of the variable to-
tal depth of the ocean, and with time. It is thus interesting to eval-
uate its range of variation for different cases.

For basin scale models, the typical ocean depth varies from
H0 ’ 1000 m or more to H0 ’ 100 m, and oceanic currents are
rather weak at large scale, U0 6 0:1 m s�1 or so, but can reach
U0 ’ 1 m s�1 for strong oceanic currents. This yields a non-dimen-
sional parameter u0 2 ½0;0:001� in the interior of the basin where
large scale currents dominate and u0 2 ½0;0:03� near strong cur-
rents provided they are intensified in shallow regions (which is
usually the case, as strong currents are often located along coast-
lines). Internal gravity waves then also provide a CFL condition that
is in general more constraining than the CFL associated with advec-
tion that we have just discussed: the maximum propagation speed
of internal gravity waves is indeed much higher than the maxi-
mum velocity. In such a context, the LSBM scheme is not expected
to be necessary to ensure stability in general. Its use would there-
fore involve an increase of computational time that is not justified
for such configurations.

When a regional model is developed and covers coastal areas,
the typical ocean depth can vary from H0 ’ 100 m to H0 ’ 1 m,
and oceanic currents can be pretty strong in coastal regions, for in-
stance, tidal currents near Brittany, in France, can reach up to
U0 ’ 3—4 m s�1 in some shallow areas. This yields a maximum
non-dimensional parameter u0 ’ 2, or even higher if shallower re-
gion are taken into account, which is the case when wetting and
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Fig. 4. Stability of the original MICOM/HYCOM scheme (plain line) compared to the
stability of the LSBM scheme (dashed line) for Dtb ¼ 0:75 and �w ¼ 0:125. Notice that
the new scheme is always more stable. The dots represent the CFL criterion for a
pure advection treated with a leapfrog scheme.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0.5

1

1.5

2

2.5

3
Stability Euler (– –) & Leapfrog (–)

Dtc = No*dtb

U
0

Fig. 5. Stability of the original MICOM/HYCOM scheme (plain line) compared to the
stability of the LSBM scheme (dashed line) for Dtb ¼ 0:05 and �w ¼ 0:125. Notice that
the new scheme is always more stable. The dots represent the CFL criterion for a
pure advection treated with a leapfrog scheme.
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drying regions are taken into account for instance. For such high
values of u0 the original MICOM/HYCOM scheme should have
problems being stable, and the use of the new scheme presented
here is necessary, the LSBM scheme being the easiest to compute,
if not optimal for stability. In such configurations, the internal
gravity waves also have small propagation speeds, and the overall
CFL for the slow component is in general constrained by advection
terms. The LSBM scheme should then improve the stability of the
configuration and allow higher baroclinic time steps.

To illustrate this idea, we now discuss results from a high reso-
lution barotropic configuration in the Golfe Normand Breton area
(North-West of France). The HYCOM model has been used to model
the tide dynamics in the area. Only one homogeneous layer is ta-
ken into account with a realistic bottom topography (see Fig. 6),
the Mercator grid we use has grid steps varying from
DX ¼ 140 m to DX ¼ 150 m, and the dynamics only takes into ac-
count the tide which is forced at the boundary using M2 and S2
modes from the MOG2D tide model (see Carrère and Lyard,
2003). The current can reach about 4 m s�1 for very intense tides.
The model is started from rest on the 20th of September 1997 at
0h00 corresponding to a time period when very strong tides were
generated. The model is run with the original HYCOM scheme and

different choices of the baroclinic and barotropic time steps, and
using the original schemes or the LSBM scheme. Notice that, to
pursue the integration and avoid a model crash with the original
scheme, we have imposed a limit to the total velocity: Umax ¼
5 m s�1.

Fig. 7 shows that noise develops in all configurations except the
LSBM scheme (see Fig. 7d and f), which is the scheme that also al-
lows the largest baroclinic time step. Also notice that reducing the
barotropic time step from Dtb ¼ 1:5 s to Dtb ¼ 0:5 s in the original
scheme leads to higher instability (compare Fig. 7a and b and no-
tice the extended area of instability when Dtb is decreased) a fea-
ture of the instability we have already discussed. Also notice
that, as expected from the previous results, reducing the baroclinic
time step from Dtc ¼ 12 s to Dtc ¼ 6 s for the original scheme im-
proves stability, and can eradicate the numerical noise: Fig. 7c
shows the results after 8h00 of integration in the region of strong
velocity and the noise has indeed disappeared. Fig. 7d shows the
results with Dtc ¼ 12 s but with the LSBM scheme. No noise is
apparent here. Finally notice that Dtc ¼ 6 s is the minimum baro-
clinic time step that can be used with the original scheme (after
20h00 of integration, a zoom in Fig. 7e reveals some noisy contours
in comparison with Fig. 7f).

Fig. 6. Topography of the ‘‘Golfe Normand Breton” area.
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5. Discussion

In the present paper, we have developed a method to analyse
the linear stability of slow terms when integrated into the baro-
tropic equations using time splitting techniques. Even though we
have concentrated on the barotropic momentum advection, the
method in Appendix B can be used for other terms too and can
be useful for oceanic general circulation models in general, when
they use time splitting.

We have then analysed and explained some instabilities we have
experienced when using the HYCOM code to model shallow areas at
high resolution. The barotropic advection term is indeed calculated
with a centered spatial scheme but a Euler time stepping when
averaged over the (baroclinic) slow time step of the model, which
is unconditionally unstable. The instability can however be hidden
when other terms are taken into account. The original scheme is in-
deed stabilised when adding the fast propagating barotropic gravity
wave terms, given proper choices of the parameters Dtb; Dtc; �w.
However, the stability is pretty reduced and Dtc is strongly con-
strained by advection, in particular when the velocity becomes
non-negligible in comparison with the gravity wave propagation
speed, which is the case in shallow areas.

We have then proposed a simple way to improve this with a
schemes (called LSBM) that only requires modest changes in the
HYCOM code. The LSBM scheme doubles the computing time re-
quired for the barotropic component. However, as it allows the
use of higher baroclinic time steps, there must exist a number of

layers above which the LSBM scheme is more efficient than the ori-
ginal code (it requires less overall computing time to achieve a
simulation). For instance, in the baie du Mont Saint–Michel config-
uration presented above, the cost of the original and LSBM schemes
were nearly the same (given the fact that with the LSBM scheme,
the baroclinic time step could be doubled), and there was only
one layer. An extra layer would have doubled the additional cost
of the original scheme in comparison with the LSBM scheme (again
because of a reduced baroclinic time step), so that for such a con-
figuration the LSBM scheme is more efficient as soon as two or
more layers are taken into account. We have no clue however to
prove it is the optimal scheme. For instance, including the advec-
tion term in the barotropic equation, is probably more efficient
in some circumstances.

The cost of the configuration is a function of the number of hor-
izontal grid points, the number of layers, the number of operations
of the baroclinic and barotropic schemes, and the barotropic and
baroclinic time steps. The LSBM scheme doubles the cost of the
barotropic integration, but we have seen that it can induce a dou-
bling of the baroclinic time step in comparison with the original
scheme. We thus expect that it can be cost efficient (it can solve
the same problem as the original scheme using less computational
time) in some configurations, especially when the baroclinic time
step is limited by the advection speed and with a configuration
with many vertical layers. It is, however, difficult to define pre-
cisely when the LSBM scheme is optimal as it drastically depends
on details of the configuration (depths range, maximum u0

Fig. 7. Zoom of the Golfe Normand Breton configuration. Zonal velocity (in m/s) after 8h00 (a–d) or 20h00 (e, f) of integration of the HYCOM model and with different
schemes and choices of parameters: original scheme with Dtc ¼ 12 s;Dtb ¼ 1:5 s (a); Dtc ¼ 12 s; Dtb ¼ 0:5 s (b); Dtc ¼ 6 s; Dtb ¼ 1:5 s (c,e). LSBM scheme with
Dtc ¼ 12 s; Dtb ¼ 1:5 s (d,f). Notice that only the LSBM scheme remains stable.
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attained, stratification characteristics for the CFL associated with
the maximum internal wave speed, . . .). It is also worth mentioning
that we have only addressed the optimality through an analysis of
the stability properties, which is not completely objective. Indeed,
the analysis should rather be based on the precision of the scheme
(see Sanderson, 1998; Winther et al., 2007): the optimal scheme is
the scheme that gives the result within a given precision for the
smallest computational time. This is of course a much more com-
plicated issue that is worth addressing, and the present work is
only a first step toward this.

Finally, we have also proposed a new scheme for the fast baro-
tropic equations (Eq. (18) in Appendix A). This new scheme could
be of interest at least when the choice is made to incorporate the
advection term in the fast barotropic equations, which is the case
for many ocean models. This scheme indeed allows a far better sta-
bility (and probably a better precision as it allows larger �w for the
same time step) than the original scheme. For the HYCOM choice,
with advection treated as a slow component, preliminary tests
have revealed a strong dependency on N0 (the number of barotrop-
ic time steps per baroclinic time steps) and �w, and more work is
needed to address its effect on the stability of the slow part of
the barotropic component.
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Appendix A. Numerical schemes for the fast barotropic mode

To focus on the numerical schemes for the fast barotropic mode,
we can assume u� ¼ 0 in Eq. (10). To test for linear stability, we
look for free solutions of the discretised equation (11) in the form

un
j ¼ ûkneikjDx;

fn
j ¼ f̂kneikjDx: ð15Þ

For Eq. (11), k then verifies

ðk2 � ð1� �wÞk� �wÞ2 ¼ �2ð1þ �wÞ2Dt2ð1� coshÞk3; ð16Þ

where h ¼ kDx ¼ k.
The stability diagram of the HYCOM scheme is given by the

plain line in Fig. 8, as a function of Dt and �w. In practice, the choice
proposed in HYCOM is �w ¼ 0:125, for which the maximum time
step to ensure linear stability is Dt ’ 0:77. Also notice that stability
is impossible when �w is close to 1. This is due to the fact that
HYCOM mixes the time derivatives of both the leapfrog and Euler
forward–backward schemes but only retains the spatial derivatives
of the Euler forward–backward scheme. Other choices are possible.
For instance, a more natural choice would be to mix the spatial
derivatives of both schemes with the same weights as the time
derivatives which would write

fnþ1
j ¼ ð1� �wÞfn

j þ �wfn�1
j � ð1þ �wÞ Dt

Dx
ðun

jþ1 � un
j Þ;

unþ1
j ¼ ð1� �wÞun

j þ �wun�1
j � ð1� �wÞ Dt

Dx
ðfnþ1

j � fnþ1
j�1 Þ

� 2 �w
Dt
Dx
ðfn

j � fn
j�1Þ: ð17Þ

We have found that this would not yield satisfactory results in
terms of stability. The dashed line in Fig. 8 indeed shows that with
the latter choice, stability is recovered when �w is close to 1, as we
now recover the leapfrog scheme. However, the region of stability
is almost everywhere drastically reduced, especially for small to
moderate �w, which should allow the largest time steps.

We have found that a better choice for the weights of the spatial
terms is

fnþ1
j ¼ ð1� �wÞfn

j þ �wfn�1
j � ð1þ �wÞ Dt

Dx
ðun

jþ1 � un
j Þ;

unþ1
j ¼ ð1� �wÞun

j þ �wun�1
j � ð1� �waÞ Dt

Dx
ðfnþ1

j � fnþ1
j�1 Þ

� 2 �wa
Dt
Dx
ðfn

j � fn
j�1Þ: ð18Þ

We have indeed found that the stability region was drastically
expanded when a ’ 1:5. It is, in particular, always more stable than
the choice made by HYCOM (see dash–dotted line in Fig. 8).

Finally, notice that the new scheme proposed here does not re-
quire a new implementation of other terms that were not consid-
ered here (the Coriolis terms for instance): the modifications only
apply to the pressure gradient terms, and all other terms keep their
original implementation.

Appendix B. Algorithm for the calculation of the stability of the
slow component

To analyse the stability property of the model for the slow com-
ponent, we proceed as follows.

First step

We consider the discretised version of the linearised equations
(8)–(10) and rewrite them for perturbations of the form:
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Fig. 8. Stability regions as a function of Dt and �w for different barotropic schemes:
the original MICOM/HYCOM code (plain line), the scheme proposed in Eq. (17)
(dashed line) and the scheme proposed in Eq. (18) (dash–dotted line).
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uN
j ¼ ûNeikjDx;

fN
j ¼ f̂NeikjDx: ð19Þ

This yields for the basic numerical schemes used in the HYCOM
model:

u�;Nj ¼ �u0ðuN
jþ1 � uN

j�1Þ;
¼ �u0ûN2i sinðkDxÞeikjDx; ð20Þ

or

u�;N ¼ �u0ûN2i sinðkDxÞ; ð21Þ

and, for the fast mode integration (using only the pure Euler for-
ward–backward scheme for simplification) from time step N – or
N � 1 for the LSBM scheme – (both corresponding to the fast index
n ¼ 0) to N þ 1 (corresponding to the fast index n ¼ N0 ¼ Dtc=Dtb for
the original MICOM/HYCOM scheme and n ¼ 2N0 for the LSBM
scheme):

f̂nþ1 ¼ f̂n � DtbûnðeikDx � 1Þ;
ûnþ1 ¼ ûn � Dtbf̂

nþ1ð1� e�ikDxÞ þ Dtbu� ð22Þ

Second step

As Eqs. (22) are linear, the components of the 2� 2 matrices Ak

and Bk (Eq. (13)) are constant and do not depend on f̂ or û. We thus
use particular combinations of f̂N=N�1 and ûN=N�1 (corresponding the
initial barotropic step n ¼ 0 and the constant forcing associated
with u�) to calculate them numerically from the iteration of Eq.
(22).

ðf̂N=N�1; ûN=N�1Þ ¼ ð0;1Þ; ð1;0Þ; ð0;0Þ: ð23Þ

For the original HYCOM scheme, as n ¼ 0 corresponds to baro-
clinic time step N; f̂N�1 and ûN�1 do not intervene and Bk is null.
This is not the case for the LSBM scheme.

Final step

Once the coefficients of the matrices are known, the linear sta-
bility of the numerical system for the wavenumber k is given by
the solutions of the equation (again, we seek solutions of the form
f̂N ¼ f̂kN):

DETðk2Id� kAk � BkÞ ¼ 0; ð24Þ

where DET is the determinant of the 2� 2 matrix and Id is the iden-
tity matrix. The analysis is performed for wavenumber k 2 ½0; p� to

evaluate the overall stability for given parameters of the numerical
schemes.

The same is done for general HYCOM schemes including �w in
Eq. (22) or for alternative schemes.

Remark

Notice that the previous analysis is only possible if the initial
fast time step only takes into account the fields at n ¼ 0. Indeed,
if for instance the leapfrog scheme is used initially taking into ac-
count the fast time step n ¼ �1 (corresponding to the step before
the last of the previous barotropic iteration), then the fields at
the slow time step N has to be expressed as a function of ALL pre-
vious slow time steps ð0;1; . . . ;N � 1Þ and the stability analysis is
in principle impossible. This is the case of the original MICOM or
HYCOM scheme, but in practice, when the number of fast iterations
is large the initial iteration is forgotten and the stability of the
overall scheme should not be very different from the same scheme
with a first step using a full Euler forward–backward step.
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